We present the one-loop matching condition for the unpolarized and polarized generalized quark distributions in the nonsinglet case. The matching condition links the quasi distributions defined in terms of spacelike correlators at finite nucleon momentum to the light cone distributions, and it is useful for extracting the latter from the former in a lattice QCD calculation. Our results show that at one-loop and leading power accuracy the matching for the light cone generalized quark distribution H (H) is nontrivial, whereas no matching is required for E (Ẽ). Therefore, E (Ẽ) can be smoothly approached by its quasi counterpart in the large momentum limit. We also present the matching for the distribution amplitude of the pion.
I. INTRODUCTION
One of the important goals of quantum chromodynamics (QCD) is to understand the internal structure of nucleons in terms of the fundamental degrees of freedom of QCD -quarks and gluons. The parton distribution functions (PDFs) play a crucial role in characterizing the nucleon structure. They are defined as the forward hadronic matrix elements of light cone correlations, and they describe the momentum distributions of quarks and gluons inside the nucleon. In recent years, their generalization to nonforward kinematics, known as generalized parton distributions (GPDs) [1] [2] [3] [4] , also received considerable attention (for recent reviews on GPDs see e.g. [5] [6] [7] ). In contrast to parton distributions, the GPDs encode more information about the internal structure of nucleons, and can be viewed as a hybrid of parton distributions, form factors and distribution amplitudes. They played an important role in providing a three-dimensional spatial picture of the nucleon [8] and in revealing the spin structure of the nucleon [1] . Experimentally, GPDs can be accessed in exclusive processes such as deeply virtual Compton scattering or meson production. However, defined as nonlocal light cone correlations, they are rather difficult to access by lattice QCD simulations.
Recently, a direct approach to accessing parton distributions and related quantities has been proposed [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . According to this approach, the light cone parton distribution can be studied by investigating the large momentum limit of a quasi parton distribution, which is a time-independent spacelike correlation and thus can be simulated on a Euclidean lattice. The light cone distribution is then recovered from the quasi one by a factorization formula or matching condition. This procedure in principle applies not only to parton distributions, but also to other quantities defined on the light cone. In Ref. [12] , we presented a factorization formula connecting the light cone and quasi parton distributions and proved its validity up to one-loop order, where we showed that the quasi and light cone parton distributions have the same collinear singularities, and the matching factor connecting them is sensitive to UV physics only.
In this paper, we consider the one-loop matching for GPDs. In particular, we focus on the unpolarized GPDs H(x, ξ, t) and E(x, ξ, t), and the polarized onesH(x, ξ, t) andẼ(x, ξ, t), which are defined in terms of the following matrix elements
where
) is the gauge link along the light cone and
In the limit ξ, t → 0, H andH reduce to the usual unpolarized and polarized parton distributions, while the information encoded in E andẼ cannot be accessed since they are multiplied by the momentum transfer ∆. Only in exclusive processes with a finite momentum transfer can E andẼ be probed. We will study the unpolarized and polarized GPDs as well as their quasi counterparts defined in terms of spacelike correlations, and we will compute the one-loop corrections. Based on the one-loop results, we then propose a factorization formula for quasi GPDs, and extract the matching factors relating them to the light cone GPDs. The matching for the GPD H (H) turns out to be similar to that for the parton distribution, whereas the matching for E (Ẽ) is trivial since, as we will show in this paper, the quasi and light cone definition yields the same result for E (Ẽ) at one-loop and leading power accuracy. This implies that the light cone GPD E (Ẽ) can be smoothly approached by the large momentum limit of its quasi counterpart; hence, its simulation on the lattice is relatively simple. As a related quantity, we also present the matching for the distribution amplitude of the pion.
The rest of this paper is organized as follows. In Section II, we present the definitions of quasi GPDs and our conventions. In Section III, the results of our one-loop calculation for the unpolarized and polarized GPDs are given. The factorization formula for the quasi GPDs is presented in Section IV, where the one-loop matching factors are given. We also present the one-loop matching condition for the pion distribution amplitude. Section V contains our conclusions.
II. QUASI GPDS AND CONVENTIONS
The quasi GPDs are defined in full analogy to the light cone ones, and they can be extracted from the following matrix elements defined on a spacelike interval along the z direction [10] 
The gauge link L points along the z direction, and H, E,H andẼ may depend on p z . We define
The result reads
where µ is the transverse momentum cutoff for regularizing potential UV divergences. Some remarks on the above results are in order. To obtain Eqs. (13) and (14), we take the limit µ → ∞, and then p z → ∞, m → 0, where we keep the leading term in µ, p z and m of H 1 and E 1 (for E 1 the leading term is O(m 2 )), and ignore the power suppressed corrections of the type (1/p z ) n (n ≥ 1). If we do not take p z → ∞, power corrections should be kept in the light cone GPDs as well, in order for the quasi and light cone GPDs to have the same IR behavior. As in the PDF case [12, 13] , the quasi GPD result H 1 does not vanish in the full x range. However, its collinear singularities exist only in the Dokshitzer-Gribov-Lipatov-AltarelliParis (DGLAP) and Efremov-Radyushkin-Brodsky-Lepage (ERBL) regions ξ < x < 1 and −ξ < x < ξ. In the DGLAP region, the collinear singularities do not straightforwardly reduce to the corresponding PDF result with the Altarelli-Parisi kernel when taking the limit ξ, t → 0, because we assume a finite t in taking the limit m → 0. If t = 0, as in the PDF case, the above assumption does not apply, and the term leading to ln(−t) above will lead to ln m 2 , and thus to the correct collinear behavior of PDF. E is UV convergent as expected, since it is zero at tree level. There is no UV divergence in H, but a logarithmic dependence on p z instead, as in the one-loop results for PDFs. Moreover, the coefficient of ln p z in H in the DGLAP region reduces to the corresponding PDF result when ξ = 0.
The second numerator structure in Eq. (9) leads to
and the result is
, which is power suppressed compared to E 1 in Eq. (14) and therefore ignored.
The last numerator structure yields
which contributes to H (x, ξ, t, µ, p z ) only with
Summing over all of these contributions, we obtain the following results for the gluon-exchange diagram in Fig. 1 :
Now we present the one-loop results for light cone GPDs. As in the PDF case [12] , the one-loop corrections for light cone GPDs can be obtained by first integrating over k 0 , then taking the limit p z → ∞ and integrating over k ⊥ . This leads to the following results for the three numerator structures in Eq. (9)
otherwise,
the sum of which is
The results do not vanish only in the DGLAP and ERBL regions. There is a logarithmic UV divergence ln µ 2 in the above results, whose coefficient agrees with the coefficient of ln p 2 z in H (1) , and also with the evolution kernel of nonsinglet GPDs in the DGLAP and ERBL regions. It is interesting to see that E (1) and E (1) are equal. This means no matching is required for the GPD E up to one-loop and leading power accuracy; therefore, the light cone E can be smoothly approached by the quasi E in the large momentum limit. The reason behind this is simple: the light cone GPD E and its quasi counterpart are zero at tree level and thus they are UV convergent at one-loop level.
Next, we look at the contribution of self-energy diagrams in Fig. 1 . The computation of the quark wave function renormalization factor is essentially the same as in the PDF case [12] ; the only difference is in the momenta of the quarks. Since the incoming and outgoing quarks now have different momenta, we have two wave function renormalization factors
∆ for light cone GPDs). For simplicity, we denote ± (ξ, t) ). These factors can be related to each other as
Using the same strategy as in Ref. [12] , we obtain the following results for the wave function renormalization factors
Summing over all these contributions and including also δZ F,+ , we have
Similarly, on the light cone one obtains
and the complete result including δZ F,+ is
From the above results, it is clear that the coefficients of ln
F and ln
in the DGLAP region [ξ, 1] reduce to the PDF result when ξ → 0. Several further checks have been performed on our results: the one-loop results for GPDs reduce to that for PDF when ξ, t → 0 (although for H, this is non-trivial); the x integrals of the Feynman part Eqs. (10) contribution to GPDs, which is the most complicated one among all three numerator structures, agree with the form factors of a local quark current computed in the Feynman gauge. We also checked the polynomiality of the logarithmic terms in the above results.
In the case of polarized GPDs, the vertex contribution can be obtained by replacing γ z with γ z γ 5 in Eq. (10), whereas the self-energy contribution remains the same. We present the result of the vertex contribution below. For the quasi GPDs, we havẽ
whereas on the light cone we havẽ
IV. ONE-LOOP FACTORIZATION
Before we construct the factorization formula connecting the quasi and light cone GPDs, let us summarize the one-loop results in the previous section. For the unpolarized case, we have
Similar results can be written down for the polarized case. A crucial difference between H and H is that the latter vanishes in the regions x < −ξ and x > 1, whereas the former does not. The connection between the quasi and light cone GPDs can be established as
up to power corrections suppressed by p z , where the integration range is given by the support property of the light cone GPD.
The matching factor Z H can be perturbatively expanded as
where h.o. denotes higher-order contributions. From the one-loop results for H and H, the matching factor can be extracted as
The above matching factor is valid for y > ξ, however, it can be extended to the full y range as
logarithmic dependence on p z in H(x, ξ, t, µ, p z ) into the renormalization scale dependence in H(x, ξ, t, µ). Note that we have the same linear divergence as in the PDF case. Moreover, when ξ → 0, the region [−ξ, ξ] disappears and the matching factors in the remaining regions reduce to those for the PDF.
In the above result, we take into account the quark contribution only. The antiquark contribution is given by making the following replacement in Eq. (32)
Summing over both the quark and the antiquark contribution, one obtains the complete matching factor, which contains in the ln p 2 z µ 2 term the complete evolution kernel of the light cone GPD.
The factorization of E can be constructed analogously. However, from the results of E and E, the matching factor for E is simply given by where δZ (1) φ is given by δZ (1) One can explicitly check to see that the wave function renormalization factor provides a plus prescription for the factor in Eq. (43).
V. CONCLUSION
We have presented the one-loop matching conditions for the unpolarized and polarized generalized quark distribution in the nonsinglet case. The matching conditions relate the quasi GPDs defined in terms of spacelike correlations and the light cone GPDs. For the GPD H (H), the matching is constructed in analogy with the PDF matching, and the matching factor reduces to that of the PDF in the limit ξ → 0. For E (Ẽ), as it is UV convergent, the matching factor is trivially given by a δ function, implying that the light cone GPD E (Ẽ) can be smoothly approached by its quasi counterpart E (Ẽ) in the large momentum limit. This facilitates its extraction from lattice simulations. We have also presented the matching condition for the pion distribution amplitude.
